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Abstract: In this paper, we defined a K® — birecurrent space which is characterized by the condition K;khlmll =

a,mK]"-kh , K]’ikh # 0, where ay, is non — zero covariant tensor field of second order called recurrence tensor.
The aim of this paper is to study the recurrence tensor field a,, and to discuss the symmetric and skew —
symmetric property of the recurrence covariant tensor field of second order a, in K® — birecurrent space, some
results have been obtained . Also to introduced a K® — birecurrent affinely connected space , different identities

concerning K" — birecurrent affinely connected space have been established .
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1. INTRODUCTION

M.C. Chaki and A.N.Roychowdhary [4] have studied Ricci recurrent space of second order in Riemanni an geometry.
B.B.Sinha and S.P.Singh [10] defined a Finsler space F, for which the recurrent curvature tensor field Kj"kh of second

order satisfies the recurrence condition and studied the properties of the recurrence tensor field of second order a;,, in this
space . H.D. Pande and S.D. Tripathi [5] discussed a Finsler space of the second order with the help of a symmetric
non— zero recurrence tensor field, different theorems regarding it have obtained in an affinely connected space.
P.N.Pandey [6] studied the recurrence vector field of a recurrent Finsler space when it is independent of the directional
argument. F.Y.A.Qasem [7] discussed the recurrence tensor field of third order a,;, , dealing with properties of the
recurrence tensor of a normal projective trirecurrent Finsler space. F.Y.A.Qasem and M.A.A. Ali [8] studied the
properties of K — birecurrent affinely connected space .

Let F, be an n—dimensional Finsler space equipped with the metric function F(x,y) satisfies the requisite conditions[9] .
E. Cartan ([2], [3]) deduced the h-covariant differatiation for an arbitrary vector field X* with respect to x* as follows :
(1.1) Xh & 0, X 4+X"T} — (9,X°)Gy .

The function I;% is defined by

(1.2) Fk=Th = CHTGY®

The function I} is Cartan's connection parameter, it is symmetric in its lower indices and positively homogeneous of
degree zero in the directional argument y'.

The functions T;; and GI are related by
(1.3) a) G = Tgy*,
Where
b) GI = 0,G".
The function G is positively homogeneous of degree two in the directional argument y' .
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2. ARECURRENT COVARIANT TENSOR FIELD OF SECOND ORDER

A Finsler space for which Cartan’s fourth curvature tensor K, satisfies the birecurrence property with respect to Cartan's
connection parameters Iy | i.e. characterized by the condition ( [1] , [8])

(2.1) Kjikh|m|l = alijikh ) kah #0,

Where |m|l is the h — covariant differential operator of the second order with respect to x™ and x! , successively and
a;m is non — zero covariant tensor field of second order called recurrence tensor field .

Definition 2.1: A Finsler space F, for which Cartan's fourth curvature tensor Kjikh satisfies the condition (2.1), will be

called K" — birecurrent space , where a,,, is non — zero covariant tensor field of second order , the tensor satisfies the
condition (2.1)

Will be celled h— birecurrent tensor we shall denoted such space and tensor briefly by K" —BR —FE, and h—BR,
respectively .

Let us consider an K" — BR — E, which is characterized by the condition (2.1).
If we interchange the indices m and [ in the condition (2.1) , we get
(2.2) jikh|m|l - Kjl;’chlllm = (am — amy) K]lkh .

If the recurrence covariant tensor field of second order a;,, is symmetric , then the commutation formula (2.2) is vanished
, l.e.

(2.3) Kfenpmy — Kjikhlllm =0.

Thus, we conclude

Theorem 2.1: Inan K" — BR — E, , the recurrence covariant tensor field of second order a,,,, is non - symmetric .

If the recurrence covariant tensor field of second order a,,,, is skew - symmetric , then the equation (2.2) can be written as
(2.4) Kienpmit = Kienjiim = 2@mKfien, -

Thus, we conclude

Theorem 2.2: Inan K" — BR — E, , if the recurrence covariant tensor field of second order a,,, is skew - symmetric ,
then the commutation formula for Cartan's second kind covariant differentiation is given by (2.4) .

3. ARECURRENCE TENSOR IN K" — BIRECURRENT AFFINELY CONNECTED SPACE

A Finsler space whose connection parameter jik is independent of the directional argument y'is called an affinely

connected space (Berwald space) .Thus , an affinely connected space characterized by any one of the following
conditions

(3.1) a) Ghp=0 and b) Cijiin = 0.

The connection parameters l"j*i of Cartan and G}k of Berwald coincide in affinely connected space and they are

independent of the directional argument y* [9] ,i.e.
(3.2) 3) Ghp=0;GL, =0  and b) 0,Thh =

Definition 3.1: The K — birecurrent space which is an affinely connected space [satisfies any one of the conditions
(3.1a) ,(3.1b) or (3.2b) ], will be called a K™ — birecurrent affinely connected space and we shall denoted it
briefly by K" — BR — affinely connected space .

Let us consider a K" — BR — affinely connected space.
The cyclic rotation of the indices [, m , k and h in the identity
(3.3 alijikh + althimk + alejihm =0, {(22),[8]},
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Gives

(3.4) akajihl + alejikh + amthilk =0,
(3.5 e Kim + WKy + @Ky =0
And

(36) A + AniKjim + anmKfia = 0.

Adding the four identities (3.3),(3.4),(3.5),(3.6) and using the skew — symmetric property of Cartan's fourth curvature
tensor Kjikh in its last two lower indices , we get

(3.7 (apm + ami) K]lkh + (amn + an) Kfmk + (aw — aw) K]Lkh
+ (@i + Qi) thz + (amn — apm) kah + (akn + ank) Kjilm =0.
I the recurrence covariant tensor field of second order a,,, is symmetric , then the equation (3.7) can be written as
(3.8) alijl}ch + althimk + akajihl + athjilm =0.
Thus, we conclude

Theorem 3.1: In K™ — BR — affinely connected space , if the recurrence covariant tensor field of second order arp IS
symmetric , then the identity (3.8) holds good .

If the recurrence covariant tensor field of second order a,,, is skew - symmetric , then the equation (3.7) can be written as
(B39 awKjum — anmKj =0 .
Thus, we conclude

Theorem 3.2: In K" — BR — affinely connected space , if the recurrence covariant tensor field of second order arp IS
skew - symmetric , then the identity (3.9) holds good .

The cyclic rotation of the indices [, m, k and h in the identity
(3.10) U Hpen + pHje + ayHfpm =0, {(2.25),[8]},
Gives

(B11)  amHl + amHiyy + @ty =0,

(3.12) WenHjpm + Gy + agHjpm =0

And

(3.13) aniHiie + ancHjpm + QpmHpy = 0.

Adding the four identities (3.10),(3.11),(3.12),(3.13) and using the skew — symmetric property of Berwald's curvature
tensor H]-ikh in its last two lower indices , we get

(3.14) (amm + ami) Hjikh + (ai, + an) Hjimk + (aw — ar) Hjikh
+(@mi + akm) Hjihl + (amn — apm) Hjikh + (akn + ank) Hjilm =0.
If the recurrence covariant tensor field of second order a,,, is symmetric , then the equation (3.14) can be written as
(3.15)  aumHjin + anHimy + AmicHj + @ Hjpn =0
Thus, we conclude

Theorem 3.3: In K" — BR — affinely connected space , if the recurrence covariant tensor field of second order ap IS
symmetric , then the identity (3.15) holds good .
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If the recurrence covariant tensor field of second order a;, is skew - symmetric , then the equation (3.14) can be written
as

(3.16)  ayH!

jhm ahmHlek =0.
Thus, we conclude

Theorem 3.4: In K" — BR — affinely connected space , if the recurrence tensor field of second order a,p IS skew -
symmetric , then the identity (3.16) holds good .

The cyclic rotation of the indices [, m , k and h in the identity
(3.17) UmHi, + aypHiye + ayHpm = 0, {(2.26),[81},
Gives

(3.18)  apiHl + amHip + ampHl =0,

(3.19) axnHim + axmHh + @ Hi =0

And

(3.20) A b + apcHln + apmHL =0 .

Adding the four identities (3.17),(3.18),(3.19),(3.20) and using the skew — symmetric property of Berwald's curvature
tensor }'kh in its last two lower indices , we get

(3.21) (amm + ami) Hjikh + (ai, + an) Hjimk + (aw — ax) Hjikh
+(@mi + Q) Hipg + @mn — Qpn) Hipn + @ + apge) Hjppy =0

I the recurrence covariant tensor field of second order a,,, is symmetric , then the equation (3.21) can be written as

(3.22) almHjikh + athjimk + amkHjihl +

jim =0.
Thus, we conclude

Theorem 3.5: In K" — BR — affinely connected space , if the recurrence covariant tensor field of second order a,p is
symmetric , then the identity (3.22) holds good .

If the recurrence covariant tensor field of second order a;, is skew - symmetric , then the equation (3.21) can be written
as

(3.23) alkHjihm - ahmHjilk =0.
Thus, we conclude

Theorem 3.6: In K® — BR — affinely connected space , if the recurrence tensor field of second order a,p Is skew -
symmetric , then the identity (3.23) holds good .

The cyclic rotation of the indices [, m , k and h in the identity

(3.24) ayRijn + apRi; + ajjRipe =0, {(2.28),[8]},

Gives

(3.25) @Ry + AmRin + amnRiy =0,

(3.26) AenRim + QemRjp + @ Rlpm =0

And

(3.27) ARk + Anic Rl + @Ry =0 .

Adding the four identities (3.24),(3.25),(3.26),(3.27) and using the skew — symmetric property of Berwald's curvature

tensor H}kh in its last two lower indices , we get
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(3.28) (apm + ami) R}kh + (ap + ap) R}mk + (aw — a) R}hm
+(@mi + akm) R}éhl + (amn — apm) R}lk + (agn + an) R}lm =0.
If the recurrence covariant tensor field of second order a,,, is symmetric , then the equation (3.28) can be written as
(329  @mRjun + anRimi + AmiRip + @ Rim = 0.
Thus, we conclude

Theorem 3.7: In K" — BR — affinely connected space , if the recurrence covariant tensor field of second order a,,, is
symmetric , then the identity (3.29) holds good .

If the recurrence covariant tensor field of second order a,, is skew - symmetric, then the equation (3.28) can be written as
(330) alkR}I':hm - ahmR}I':lk =0.
Thus, we conclude
Theorem 3.8: In K — BR — affinely connected space, if the recurrence tensor field of second order arp 1S Skew -
symmetric , then the identity (3.30) holds good .
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